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ON SEPARABILITY FINITENESS CONDITIONS IN
SEMIGROUPS
CRAIG MILLER, GERARD O’REILLY, MARTYN QUICK, NIK RUSˇKUC
Abstract. Taking residual finiteness as a starting point, we consider
three related finiteness properties: weak subsemigroup separability, strong
subsemigroup separability and complete separability. We investigate
whether each of these properties is inherited by Schu¨tzenberger groups.
The main result of this paper states that for a finitely generated commu-
tative semigroup S, these three separability conditions coincide and are
equivalent to every H-class of S being finite. We also provide examples
to show that these properties in general differ for commutative semi-
groups and finitely generated semigroups. For a semigroup with finitely
many H-classes, we investigate whether it has one of these properties if
and only if all its Schu¨tzenberger groups have the property.
1. Introduction
A finiteness condition for a class of algebraic structures is a property
that is satisfied by at least all finite members of that class. The study of
finiteness conditions has been instrumental in understanding the structure
and behaviour of algebras. A classic example is that of residual finiteness.
An algebraic structure A is said to be residually finite if for any two distinct
points x, y ∈ A there exists a finite algebra U and a homomorphism f :
A → U such that f(x) 6= f(y). The property of residual finiteness is well
studied and has proved to be a powerful tool. For example, it is known
that if an algebra is finitely presented and residually finite then its word
problem is solvable, as shown by Evans [5] who attributes this to Mal’cev.
Another important example where this property arises is in the context of
Zelmanovs positive solution [31, 32] of the Restricted Burnside Problem,
which can be interpreted as saying that a finitely generated, residually finite
group of finite exponent is necessarily finite.
Residual finiteness is an instance of what we call a separability finiteness
condition. The notion of separability concerns separating an element from a
subset in a finite quotient. Formally, given a class of algebras C, an algebra
A ∈ C, an element x ∈ A and a subset S ⊆ A\{x}, we say that x can be
separated from S if there exists a finite algebra U ∈ C and a homomorphism
f : A → U such that f(x) /∈ f(S). In this case we say that f separates
x from S. Considering collections of subsets of a certain type (such as
finite subsets, subalgebras, etc.) gives rise to various separability finiteness
conditions. More precisely, let C be a class of algebras and S a collection
of subsets. We say that an algebra A ∈ C has the separability property with
respect to S if for any x ∈ A and any S-subset Y ⊆ A\{x}, the element x
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can be separated from Y . We note that when S is the collection of singleton
subsets, this reduces to residual finiteness. If the class C of algebras is
closed under direct products, then residual finiteness is equivalent to an
algebra having the separability property with respect to the collection of
finite subsets. By varying S, we will consider several properties. Many of
these properties have already been studied in different contexts and under
various names.
When S is the collection of all finitely generated subalgebras, we say that
an algebra is weakly subalgebra separable. Similarly to residual finiteness, if
an algebra is finitely presented and weakly subalgebra separable then the
generalised word problem is solvable [5]. Evans referred to weak subalgebra
separability as finite divisibility. In group theory, this property is known sim-
ply as subgroup separability or locally extended residual finiteness (LERF).
Such groups have received considerable attention. Many classes of groups
have been shown to be weakly subgroup separable including free groups
[15], fundamental groups of geometric 3-manifolds [1], and finitely gener-
ated nilpotent groups (which includes finitely generated abelian groups) [25].
Within semigroup theory this property has received less attention, but Gol-
ubov did briefly consider it amongst some other separability properties in
[6].
If S is the collection of all subalgebras, we say that an algebra is strongly
subalgebra separable. In group theory this is known as extended residual
finiteness (ERF). Although strongly subgroup separable groups have not
received as much attention as weakly subgroup separable groups, they have
been studied to some extent, for example in [27]. In semigroup theory, this
property has been known as finite divisibility or finite separability. Strongly
subsemigroup separable semigroups were considered by Lesohin in [22, 23]
and were then intensively studied by Golubov in [7, 8, 9, 10]. In [7] Golubov
characterised when commutative semigroups are strongly subsemigroup sep-
arable.
Finally, we consider the case where S is the collection of all subsets. Then
we are able to separate any point in an algebra from any subset of its com-
plement. We call algebras satisfying this condition completely separable.
Completely separable semigroups are also known as semigroups with finitely
divisible subsets and again were studied by Golubov. In [7] he showed that
free semigroups and free commutative semigroups are completely separa-
ble, and also proved that complete separability and strong subsemigroup
separability coincide for semigroups without idempotents.
Due to the many different and sometimes inconsistent names used for
these properties, we have decided to introduce our own terms, i.e., weak
subalgebra separability, strong subalgebra separability and complete sepa-
rability. In our nomenclature, the names are designed to describe the prop-
erties and highlight the relationship between the different properties. Under
this system of names, it might be more appropriate to call residual finiteness
point separability. However, as the term ‘residually finite’ is now universally
used in literature, we have decided to maintain its use.
The purpose of this paper is to discuss the properties of weak subalgebra
separability, strong subalgebra separability and complete separability for
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semigroups, and to explore the relationships between them. In Section 2,
we outline the necessary preliminary definitions and results. In Section 3,
we investigate how Schu¨tzenberger groups are affected by these properties.
This builds upon observations of when groups have the different separability
properties within the class of groups and when they have them within the
class of semigroups. Somewhat surprisingly we discover that Schtzenberger
groups of non-regular H-classes exhibit different behaviour from maximal
subgroups.
Section 4 begins with a brief summary of work by Kublanovski˘ı and Leso-
hin [19]. These authors showed that in finitely generated commutative semi-
groups, the properties of complete separability and strong subsemigroup sep-
arability coincide. We strengthen their result by showing that in finitely gen-
erated commutative semigroups, complete separability also coincides with
weak subsemigroup separability, and they are all equivalent to every H-class
of S being finite.
The question arises whether these three properties coincide in more gen-
eral classes of semigroups. Section 5 is dedicated to providing examples
to show that all three are in fact different for semigroups in general, and in
particular for (infinitely generated) commutative semigroups and for finitely
generated (non-commutative) semigroups.
Finally, in Section 6, we consider a special case where a semigroup only
has finitely many H-classes. For a semigroup of this type, we investigate
whether it has one of our separability conditions if and only if all of its
Schu¨tzenberger groups do. We solve this question for complete separability
and strong subsemigroup separability. For weak subsemigroup separability
this remains an open question, but we provide a partial solution.
2. Preliminaries
We begin by establishing some notation. For a semigroup S and a non-
empty subset X ⊆ S, we use 〈X〉 to denote the subsemigroup generated by
the set X. For a congruence ρ on S, we denote the congruence class of the
element x by [x]ρ. A congruence that has only finitely many congruence
classes shall be known as a finite index congruence. Given an ideal I of a
semigroup S, the Rees congruence ρI on S is given by
a ρI b ⇐⇒ a, b ∈ I or a = b.
The quotient S/ρI is called the Rees quotient of S by I, and is denoted by
S/I. We denote the Rees congruence class of an element x ∈ S by [x]I .
In the introduction we framed separability in the language of general
algebra. From now on we focus on separability for semigroups. For clarity
we now formally restate our separability conditions in the semigroup setting
and also reformulate them in terms of congruences.
• A semigroup S is said to be residually finite if for any two distinct el-
ements s, t ∈ S there exists a finite semigroup U and homomorphism
f : S → U such that f(s) 6= f(t). This is equivalent to saying there
exists a congruence ρ of finite index such that [s]ρ 6= [t]ρ.
• A semigroup S is weakly subsemigroup separable if for any finitely gener-
ated subsemigroup T and any s ∈ S\T there exists a finite semigroup U
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and homomorphism f : S → U such that f(s) /∈ f(T ). This is equivalent
to saying there exists a congruence ρ of finite index such that [s]ρ 6= [t]ρ
for all t ∈ T .
• A semigroup S is strongly subsemigroup separable if for any subsemigroup
T and any s ∈ S\T there exists a finite semigroup U and homomorphism
f : S → U such that f(s) /∈ f(T ). Again, this is equivalent to saying
there exists a congruence ρ of finite index such that [s]ρ 6= [t]ρ for all
t ∈ T .
• A semigroup S is completely separable if for any s ∈ S there exists a finite
semigroup U and homomorphism f : S → U such that f(s) /∈ f(S\{s}).
This is equivalent to saying there exists a congruence ρ of finite index
such that [s]ρ = {s}.
For a semigroup S, the profinite topology on S is defined as the topology on S
with a basis consisting of all congruence classes of all finite index congruences
on S. Any semigroup equipped with the profinite topology is a topological
semigroup. We can now express the above properties in topological terms.
• A semigroup is residually finite if and only if every singleton is closed in
the profinite topology. This is equivalent to saying that the intersection
of all finite index congruences is trivial.
• A semigroup is weakly subsemigroup separable if and only if all finitely
generated subsemigroups are closed in the profinite topology.
• A semigroup is strongly subsemigroup separable if and only if all sub-
semigroups are closed in the profinite topology.
• A semigroup is completely separable if and only if the profinite topology
is discrete.
We state how these properties relate to one another in the following result.
Proposition 2.1. For a semigroup S the following hold:
(1) If S is completely separable then it is strongly subsemigroup separa-
ble.
(2) If S is strongly subsemigroup separable then it is weakly subsemigroup
separable.
(3) If S is weakly subsemigroup separable then it is residually finite.
Proof. It is clear from the definitions that the first two claims are true. For
(3), assume that S is weakly subsemigroup separable and let a, b be distinct
elements of S. Let A = 〈a〉 and B = 〈b〉. We split into two cases. Firstly
we assume that one of a, b is not contained in the monogenic subsemigroup
generated by the other. Without loss of generality assume that a /∈ B.
Then as S is subsemigroup separable, there exists a finite semigroup U and
homomorphism f : S → U such that f(a) /∈ f(B). As f(b) ∈ f(B) it follows
that f(a) 6= f(b).
The second case is that a ∈ B and b ∈ A. Then a = bi for some i ∈ N
and b = aj for some j ∈ N. Then it must be the case that A = B and
that A is a finite cyclic group. Let e denote the identity of A and let c
be the inverse of b. Then 〈e〉 = {e}. We note that a, b 6= e as this would
imply A = {e} and that a = b. As a 6= b it follows that ac 6= e. Then,
as S is weakly subsemigroup separable, there exists a finite semigroup U
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and homomorphism f : S → U such that f(ac) 6= f(e). It follows that
f(a) 6= f(b). Hence S is residually finite. 
Remark 2.2. It is clear that the first two statements of Proposition 2.1
hold in any class of algebras. However, it is not true in general that weak
subalgebra separability implies residual finiteness. One example is the class
of fields. Since Q has no proper subfields, it is weakly subfield separable.
However, Q has no finite quotients so it is not residually finite.
In general, the converse of each implication from Proposition 2.1 is not
true. This is demonstrated in Examples 2.6, 5.10 and 5.11. For every finite
semigroup the profinite topology is discrete, so we can immediately observe
that every finite semigroup is completely separable and hence that all four
separability properties are finiteness conditions. The following proposition
shows that subsemigroups inherit each of these separability properties.
Proposition 2.3. Let S be a semigroup and T a subsemigroup of S. Let P
be any of the following properties: complete separability, strong subsemigroup
separability, weak subsemigroup separability, and residual finiteness. If S has
property P then T also has property P.
Proof. As S has property P, it has the separability property with respect
to C, where C is the collection of subsets of the type associated with P. Let
X ⊆ T be a subset of the relevant type and let t ∈ T \X. Then X is also
a subset of the relevant type in S and t ∈ S\X. Then as S has property
P, there exists a finite semigroup U and homomorphism f : S → U such
that f(t) /∈ f(S\X). Let f |T : T → U be the restriction of f to T . Then
f |T (t) /∈ f |T (T \X) and T has property P. 
In Section 3 we consider when certain groups have our separability prop-
erties. We consider these groups as semigroups so it is worth noting how
the separability conditions vary between the class of groups and the class of
semigroups.
A group G is residually finite within the class of groups if and only if
it is residually finite within the class of semigroups. This is because every
homomorphic image of a group is itself a group. Similarly, we can see that
a group G is completely separable within the class of semigroups if and only
if it is completely separable within the class of groups. Furthermore, we can
fully classify completely separable groups.
Lemma 2.4. A group G is completely separable if and only if it is finite.
Proof. We have already observed that all finite groups are completely sep-
arable. Now suppose that G is completely separable. Then there exists a
finite index congruence on G such that {e} is a congruence class, where e is
the identity element. Then [G : {e}] is finite, implying that G is finite. 
We note that there exist infinite groups which are strongly subsemi-
group separable (and hence weakly subsemigroup separable), as Theorem
2.8 demonstrates.
It is also clear that if a group G is strongly subsemigroup separable, then
it must also be strongly subgroup separable. This is because every subgroup
is also a subsemigroup. However, if a group is strongly subgroup separable
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then it may not be strongly subsemigroup separable, as it is possible for a
group to have a subsemigroup which is not a group, see Example 2.6. The
situation is similar for weak subsemigroup separability.
In a Noetherian group, i.e., a group for which every subgroup is finitely
generated, the notions of strong subgroup separability and weak subgroup
separability coincide. Since finitely generated nilpotent groups are Noether-
ian [16] and weakly subgroup separable [25] we have:
Lemma 2.5. Every finitely generated nilpotent group (and hence every
finitely generated abelian group) is strongly subgroup separable.
Now we show that there exist groups which are strongly subgroup sepa-
rable but not strongly subsemigroup separable.
Example 2.6. Let Z denote the integers under addition. As Z is a finitely
generated abelian group, it is strongly subgroup separable by Lemma 2.5.
Consider the subsemigroup N = 〈1〉 ≤ Z and the element −1 /∈ N. Let U be
a finite semigroup and φ : Z→ U be a homomorphism. Then φ(Z) is a finite
cyclic group, generated by φ(1). Hence φ(−1) ∈ 〈φ(1)〉 = φ(N). Therefore
Z is not even weakly subsemigroup separable. Since Z is residually finite,
this shows that the properties of residual finiteness and weak subsemigroup
separability are distinct in semigroups, and in particular in finitely generated
commutative semigroups.
As a consequence of Proposition 2.3 and Example 2.6, we see that if a
group G is weakly subsemigroup separable then it cannot contain a copy of
Z. In other words, for G to be weakly subsemigroup separable it is necessary
for it to be torsion. As every subsemigroup of a torsion group is in fact a
subgroup, we conclude that:
• a group G is weakly subsemigroup separable if and only if G is torsion
and weakly subgroup separable;
• a group G is strongly subsemigroup separable if and only if G is torsion
and strongly subgroup separable.
We will now briefly discuss the situation for abelian groups. It is known
that a group is residually finite if and only if it is isomorphic to a subdirect
product of finite groups, see [4, Corollary 7.2]. It follows that an abelian
group is residually finite if and only if it is isomorphic to a subdirect product
of finite cyclic groups.
In order to discuss weak subsemigroup separability in abelian groups, we
first give the following lemma. A semigroup is called locally finite if every
finitely generated subsemigroup if finite.
Lemma 2.7. Let S be a semigroup which is both residually finite and locally
finite. Then S is weakly subsemigroup separable.
Proof. Let T ≤ S be finitely generated and x /∈ T . Then as S is locally
finite, T is finite. Then as S is residually finite, we can separate x from T
in a finite quotient. 
For an abelian group to be weakly subsemigroup separable, it is necessary
for it to be residually finite. It is also necessary for it to be torsion, as
noted above. Since torsion abelian groups are locally finite, being residually
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finite and torsion are sufficient conditions for an abelian group to be weakly
subsemigroup separable by Lemma 2.7.
In [7] Golubov was able to characterise when commutative semigroups
are strongly subsemigroup separable. We can apply his result to abelian
groups. For an abelian group A and for a prime p, recall that the p-primary
component of A is the set
Ap = {a ∈ A | o(a) = p
n for some n ∈ N}
where o(a) is the order of the element a. We say that Ap has finite exponent if
there exists n ∈ N such that o(a) ≤ pn for all a ∈ Ap. Then Golubov’s result,
[7, Theorem 2], tells us that an abelian group A is strongly subsemigroup
separable if and only if A is torsion and for each prime p, the primary p-
component is bounded in the exponent.
Finally, Lemma 2.4 tells us that a group is completely separable if and
only if it is finite. We summarise all these observations.
Theorem 2.8. Let A be an abelian group.
(1) A is residually finite if and only if it is isomorphic to a subdirect
product of finite cyclic groups.
(2) A is weakly subsemigroup separable if and only if it is torsion and
residually finite.
(3) A is strongly subsemigroup separable if and only if it is torsion and
for each prime p, the primary p-component has finite exponent.
(4) A is completely separable if and only if it is finite.
In the remainder of this section we record some structural results for
semigroups that will aid us in our investigations. For a semigroup S, let S1
denote S with an identity adjoined if necessary. Green’s relation H on S is
defined by
H = {(x, y) | xS1 = yS1 and S1x = S1y}.
The H relation is an equivalence relation, and in commutative semigroups
it is also a congruence. For an element x ∈ S, we denote the H-class of
x by Hx. For an H-class H, the following are equivalent: H is a maximal
subgroup; H contains an idempotent; the intersection H ∩H2 is non-empty
[17, Corollary 2.2.6].
In fact, for an H-class H, if H∩Hn 6= ∅ for any n ≥ 2 then H is a maximal
subgroup. This is folklore but we provide a proof for completeness. Suppose
h1, h2, . . . , hn, h ∈ H such that h1h2 . . . hn = h. Since h1, h2, hn−1, hn and h
are pairwise H-related there exist s, t, u, v ∈ S1 such that
hs = h1, hnt = h2, uh = hn, vh1 = hn−1.
Then
h · shn = h1hn, h1hn · th3h4 . . . hn = h,
h1u · h = h1hn, h1h2 . . . hn−2v · h1hn = h.
Hence (h, h1hn) ∈ H. Then H ∩H
2 6= ∅ and it follows that H is a group.
It is possible to associate a group to an arbitrary H-class H as follows.
The right stabiliser of H in S is
Stab(H) = {s ∈ S1 | Hs = H}.
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Clearly Stab(H) is a submonoid of S1. We define a congruence σH on
Stab(H), called the Schu¨tzenberger congruence of H, by
(x, y) ∈ σH ⇐⇒ hx = hy for all h ∈ H.
Then Γ(H) = Stab(H)/σH is a group, known as the Schu¨tzenberger group
of H. It is known that:
• Γ(H) acts regularly, i.e., transitively and freely, on H;
• |Γ(H)| = |H|;
• if H is a group then Γ(H) ∼= H.
One could similarly define a group Γl(H) by considering the left stabiliser
of H, but it turns out that Γl(H) ∼= Γ(H). For more on Schu¨tzenberger
groups and proofs of the above claims, see [21, Section 2.3].
In a commutative semigroup S, inclusion among principal ideals induces
a partial ordering on H classes: Hx ≤ Hy if xS
1 ⊆ yS1. It is easy to see
that for any a, x ∈ S we have Hxa ≤ Hx. From this it follows that there can
be at most one minimal H-class and therefore if such an H-class exists, it
is the least H-class under this partial ordering. We refer to such an H-class
as the minimal H-class.
For Section 3, it will be important to be familiar with the basic structure
theory of commutative semigroups. An archimedean semigroup is a com-
mutative semigroup S such that for each a, b ∈ S there exists n > 0 such
that Han ≤ Hb. We say that a semigroup S is a semilattice of semigroups if
for some semilattice Y , we can write S as a disjoint union of subsemigroups
S =
⋃
α∈Y Sα such that SαSβ ⊆ Sαβ for all α, β ∈ Y . In this case we write
S = S(Y, {Sα}α∈Y ). This leads us to the following structural theorem for
commutative semigroups.
Proposition 2.9. [14, Theorem 4.2.2] A commutative semigroup S is a
semilattice of archimedean semigroups S(Y, {Sα}α∈Y ). Furthermore, if S is
finitely generated then Y is finite.
It follows from the definition that an archimedean semigroup can contain
at most one idempotent. Hence a finitely generated commutative semigroup
contains only finitely many idempotents.
We call a semigroup with a zero nilpotent if every element has a power
equal to 0. An ideal extension of a semigroup S by a semigroup Q is a
semigroup E such that S is an ideal of E and the Rees quotient E/S is
isomorphic to Q.
The following result provides a characterisation of archimedean semi-
groups with idempotent.
Proposition 2.10. [14, Proposition 4.2.3] A commutative semigroup S is
archimedean with idempotent if and only if S is either a group or an ideal
extension of a group by a nilpotent semigroup.
In general, the structure of archimedean semigroups is complex. For more
about the decomposition of commutative semigroups into archimedean sub-
semigroups, see [14, Chapter 4].
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3. Schu¨tzenberger Groups
It is a natural question to ask, for each of the three generalisations of
residual finiteness, whether that property is inherited by Schu¨tzenberger
groups. This is motivated by the following result.
Proposition 3.1. [12, Theorem 3.1] Every Schu¨tzenberger group of a resid-
ually finite semigroup is residually finite.
In this section we show that the properties of complete separability and
strong subsemigroup separability are inherited by Schu¨tzenberger groups.
By way of contrast, it is not true that every Schu¨tzenberger group of a
weakly subsemigroup separable is weakly subsemigroup separable. However,
we are able to give a sufficient condition on the stabiliser of an H-class of a
weakly subsemigroup separable semigroup to ensure that the corresponding
Schu¨tzenberger group is also weakly subsemigroup separable. We begin with
the following result.
Proposition 3.2. If a semigroup S has an infinite non-group H-class H
then S is not strongly subsemigroup separable.
Proof. Fix some h ∈ H and let T = 〈H \{h}〉. If h ∈ T , then h ∈ Hn for
some n ≥ 2, which contradicts that H is not a group and therefore h /∈ T .
Let ∼ be a finite index congruence on S. Then there exist distinct elements
x, y ∈ H \{h} such that x ∼ y. As (x, h) ∈ H, there exists some s ∈ S
such that xs = h. Now h ∼ ys. By Green’s Lemma [17, Lemma 2.2.4],
multiplication on the right by s permutes H, so ys ∈ H \{h} ⊆ T . Hence,
h cannot be separated from T in a finite quotient, so S is not strongly
subsemigroup separable. 
Corollary 3.3. Every Schu¨tzenberger group of a strongly subsemigroup sep-
arable semigroup is itself strongly subsemigroup separable.
Proof. By Proposition 3.2 every Schu¨tzenberger group of a non-group H-
class is finite so is certainly strongly subsemigroup separable. The Schu¨tzen-
berger group of a group H-class H is isomorphic to H so is strongly sub-
semigroup separable by Proposition 2.3. 
Corollary 3.4. Every H-class of a completely separable semigroup is finite
(and hence every Schu¨tzenberger group is completely separable).
Proof. As a completely separable semigroup is also strongly subsemigroup
separable, every non-group H-class is finite by Proposition 3.2. By Lemma
2.4 a group is completely separable if and only if it is finite, and so it follows
from Proposition 2.3 that all the group H-classes are finite. 
The analogue of Corollary 3.3 for weak subsemigroup separability does
not hold in general, as will be demonstrated in Example 5.10. However, it
does hold for commutative semigroups. We deduce this from the following
result.
Lemma 3.5. Let S be a weakly subsemigroup separable semigroup and let H
be a H-class of S. If there exists an element h ∈ H such that ah = ha for all
a ∈ Stab(H), then the Schu¨tzenberger group Γ(H) is weakly subsemigroup
separable.
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Proof. If H is a group then Γ(H) ∼= H. Hence Γ(H) is weakly subsemigroup
separable by Proposition 2.3.
Now assume that H is not a group. For x ∈ Stab(H), we will denote
[x]σH by [x]. Let T = 〈[x1], [x2], . . . , [xn]〉 ≤ Γ(H) and let [u] ∈ Γ(H)\T .
Let T = 〈h, x1, x2, . . . , xn〉 ≤ S.
First we will show that hu /∈ T . For a contradiction assume that hu ∈
T . Then as hxj = xjh for 1 ≤ j ≤ n, we have hu = h
it for some t ∈
〈x1, x2, . . . , xn〉 and i ≥ 0. We split into three cases: i = 0, i = 1, and i > 1.
(i) If i = 0 we have hu = t ∈ Stab(H), so h2u ∈ H∩H2, which contradicts
that H is not a group.
(ii) If i = 1 we have hu = ht but [t] 6= [u], contradicting Γ(H) acting
freely on H.
(iii) Finally, assume i > 1. As u, t ∈ Stab(H), it follows that hit ∈ H∩H i,
contradicting that H is not a group.
As S is weakly subsemigroup separable, there exists a finite semigroup U
and homomorphism φ : S → U such that φ(hu) /∈ φ(T ). Let Hφ(h) ⊆ U
be the H-class of φ(h). Now φ(Stab(H)) ⊆ Stab(Hφ(h)). Consider the
Schu¨tzenberger group Γ(Hφ(h)). Then the map θ : Γ(H) → Γ(Hφ(h)) given
by θ([v]) = [φ(v)] is a homomorphism. Then θ([u]) /∈ θ(T ). Indeed, if
θ([u]) ∈ θ(T ), then φ(h)φ(u) = φ(h)φ(t) for some t ∈ 〈x1, x2, . . . , xn〉, con-
tradicting φ(hu) /∈ φ(T ). Hence Γ(H) is weakly subsemigroup separable. 
Corollary 3.6. Every Schu¨tzenberger group of a weakly subsemigroup sep-
arable commutative semigroup is itself weakly subsemigroup separable.
Although Schu¨tzenberger groups of weakly subsemigroup separable semi-
groups need not in general be weakly subsemigroup separable, it is an in-
triguing open question whether they must be weakly subgroup separable.
Open Problem 3.7. Let S be a semigroup and let H be an H-class of S.
If S is weakly subsemigroup separable, is Γ(H) weakly subgroup separable?
In the final part of this section we provide some partial solutions to this
problem, one of which is utilized in the proof of Proposition 5.8.
Proposition 3.8. Let S be a semigroup and let H be an H-class of S. If S is
weakly subsemigroup separable, then Γ(H) satisfies the separability property
with respect to the collection of all finitely generated abelian subgroups.
Proof. If H is a group, then Γ(H) ∼= H is a subgroup of S and hence weakly
subsemigroup separable by Proposition 2.3. It then certainly satisfies the
separability property with respect to the collection of all finitely generated
abelian subgroups.
Suppose that H is not a group. Let G be a finitely generated abelian
subgroup of Γ(H) and let b ∈ Γ(H)\G. Now, G is generated (as a group) by
some set {a1, . . . , an}∪G0, where each ai is non-torsion and G0 is the finite
torsion subgroup of G. As in the proof of Lemma 3.5, we shall just write [s]
for [s]σH . Let U denote the subsemigroup
{u ∈ Stab(H) | [u] ∈ G}
of Stab(H). For each i ∈ {1, . . . , n}, select xi, yi ∈ U such that [xi] = ai and
[yi] = a
−1
i . Also, fix an element h ∈ H.
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The remainder of this proof is organised as follows.
(1) We show that for each i ∈ {1, . . . , n}, there exist α(i), β(i) ∈ N such
that x
α(i)
i h = hy
β(i)
i .
(2) We build a finitely generated subsemigroup T of S such that T ∩H =
{hu | u ∈ U}.
(3) We find a finite group K and a homomorphism θ : Γ(H)→ K such
that θ(b) /∈ θ(G).
(1) Let i ∈ {1, . . . , n}, and write x = xi, y = yi. We first show that
hy ∈ 〈h, x〉. Since S is weakly subsemigroup separable, it suffices to show
that hy cannot be separated from 〈h, x〉 by a finite index congruence. Indeed,
if ∼ is a finite index congruence on S, there exist k, ℓ ∈ N with k < ℓ such
that hxk ∼ hxℓ. Then
hy = hxkyk+1 ∼ hxℓyk+1 = hxℓ−k−1 ∈ 〈h, x〉.
Since x ∈ Stab(H) and H is not a group, we cannot have hy ∈ 〈x〉. Post-
multiplying hy by an appropriate power of y, we deduce that hyj = uh for
some j ∈ N and u ∈ 〈h, x〉.
We now show that hxj ∈ 〈h, u〉 using a similar argument. Indeed, if ∼
is a finite index congruence on S, there exist k, ℓ ∈ N with k < ℓ such that
hyjk ∼ hyjℓ, and hence
hxj = hyjkxj(k+1) ∼ hyjℓxj(k+1) = hyj(ℓ−k−1) = uℓ−k−1h ∈ 〈h, u〉.
Since uh ∈ H, we cannot have hxj ∈ 〈u〉, for then (hxj)h ∈ H ∩ H2,
contradicting that H is not a group. It follows that hxj = w1hw2 for some
w1 ∈ 〈u〉
1 and w2 ∈ 〈h, u〉
1 ⊆ 〈h, x〉1. Now w1h = hy
jk for some k ∈ N0, so
hxj 6= w1h as [x] has infinite order in Γ(H), and hence w2 6= 1. We cannot
write w2 as sht for some s ∈ 〈x〉
1 and t ∈ 〈h, x〉1. Indeed, if we could, then
since w1h ∈ H and x ∈ Stab(H), we would have hx
j ∈ H ∩ Hn for some
n ≥ 2, contradicting that H is not a group. We must then have w2 ∈ 〈u〉.
But u ∈ 〈h, x〉, so we conclude that u = xm for some m ∈ N. Now set
α(i) = m and β(i) = j. We fix α(i) and β(i) for the remainder of this proof.
(2) For each i ∈ {1, . . . , n} let mi = max(α(i), β(i)). For each g ∈ G0,
select ug ∈ U such that [ug] = g. We define a finite set
W = {xj11 . . . x
jn
n | 0 ≤ ji ≤ mi − 1 for 1 ≤ i ≤ n} ∪ {ug | g ∈ G0} ⊆ U.
Let X = {x
α(i)
i | 1 ≤ i ≤ n}, and let T be the subsemigroup of S generated
by
Z = X ∪ {hw | w ∈W}.
Note that U ∩ Z = X and H ∩ Z = {hw | w ∈ W}. We prove that
T ∩H = {hu | u ∈ U}.
First, let h′ ∈ T ∩H. Then h′ = z1 . . . zk for some zj ∈ Z. If every zj ∈ X,
then h′ ∈ Stab(H), contradicting that H is not a group. Therefore, there
exists j minimal such that zj = hw for some w ∈W. Then for each i < j, we
have zi ∈ X and hence zih ∈ hU, so we deduce that h
′ = hw′zj+1 . . . zk for
some w′ ∈ U. Let u = w′zj+1 . . . zk. We shall show that u ∈ U . Suppose that
H ∩ {zj+1, zj+2, . . . , zk} = {zi1 , . . . , zim} where j + 1 ≤ i1 < · · · < im ≤ k.
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Let hℓ = ziℓ . . . ziℓ+1−1 for ℓ ∈ {1, . . . ,m− 1}, and let hm = zim . . . zk. Then
hℓ ∈ H for each ℓ ∈ {1, . . . ,m}. But then
h′ = (hw′zj+1 . . . zi1−1)h1 . . . hm ∈ H ∩H
m+1,
which contradicts that H is not a group. We conclude that zi ∈ X for every
i ∈ {j + 1, . . . , k}. It follows that u ∈ U and hence h′ ∈ {hu | u ∈ U}.
For the reverse containment, let u ∈ U. Since G is abelian, we have
[u] = ak11 . . . a
kn
n c for some ki ∈ Z and c ∈ G0. Consider i ∈ {1, . . . , n}. If
ki ≥ 0, let pi ∈ N0 and ri ∈ {0, . . . , α(i) − 1} be such that ki = piα(i) + ri,
and let qi = si = 0. If ki < 0, let qi ∈ N and si ∈ {0, . . . , β(i) − 1} be such
that ki = −qiβ(i) + si, and let pi = ri = 0. Now let ti = max(ri, si). It
follows that
hu =
(
x
α(1)
1
)q1 . . . (xα(n)n )qn(hxt11 . . . xtnn uc)(xα(1)1 )p1 . . . (xα(n)n )pn ,
so hu ∈ T ∩H, and hence T ∩H = {hu | u ∈ U}.
(3) Choose v ∈ Stab(H) such that [v] = b. Then hv /∈ T by (2). Since S is
weakly subsemigroup separable, there exists a finite semigroup P and a ho-
momorphism φ : S → P such that hv /∈ φ(T ). Let Hφ(h) denote the H-class
of φ(h), and let K be the finite group Γ(Hφ(H)). As in the proof of Lemma
3.5, the map θ : Γ(H) → K, given by θ([t]) = [φ(t)], is a homomorphism
such that θ(b) /∈ θ(G), as required. 
Corollary 3.9. Let S be a semigroup and let H be an H-class of S. If S
is weakly subsemigroup separable and Γ(H) is abelian, then Γ(H) is weakly
subgroup separable.
Groups satisfying the separability property with respect to the collection
of all cyclic subgroups are known in the literature as cyclic subgroup separable
groups or Πc groups. Such groups have received considerable attention; see
for instance [2, 18, 29, 30].
From Proposition 3.8 we immediately deduce:
Corollary 3.10. Let S be a semigroup and let H be an H-class of S. If S
is weakly subsemigroup separable, then Γ(H) is cyclic subgroup separable.
In Section 6 we will return to Schu¨tzenberger groups and consider the
following question: if all the Schu¨tzenberger groups of a semigroup have a
separability property, does the semigroup itself have that property?
4. Finitely Generated Commutative Semigroups
Lemma 2.5 states that all finitely generated abelian groups are strongly
subgroup separable. On the other hand, Example 2.6 shows that there exist
finitely generated commutative semigroups which are not strongly subsemi-
group separable. The task is then to characterise when a finitely generated
commutative semigroup is strongly subsemigroup separable. This question
was considered by Kublanovskiˇı and Lesohin in [19]. We briefly outline their
setup and results, without giving proofs.
Let S be a finitely generated commutative semigroup with finite generat-
ing set A. For s ∈ S, let Cs = A ∩ Stab(Hs). Then Cs is finite and can be
empty. We denote |Cs| by ks. Then 〈Cs〉
1 = Stab(Hs). Consider the free
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commutative monoid Nks0 on ks generators. There is a canonical homomor-
phism φ : Nks0 → Stab(Hs). We note that Stab(s), the point stabiliser of s, is
a submonoid of Stab(Hs). Let Ws = φ
−1(Stab(s)) ≤ Nks0 be the pre-image
of Stab(s). We can view Nks0 as a submonoid of the free abelian group Z
ks.
Consider the subgroup Gs ≤ Zks generated by Ws. As Gs is a subgroup of
Zks , we have Gs ∼= Zms for some ms ≤ ks. Using this, Kublanovski˘ı and
Lesohin were able to characterise when S is strongly subsemigroup separable
as follows.
Theorem 4.1. [19, Theorem 1] A finitely generated commutative semigroup
S is strongly subsemigroup separable if and only if ms = ks for all s ∈ S.
From the proof of this result they obtained two corollaries, summarised
as follows:
Corollary 4.2. [19, Corollaries 2 and 3] For a finitely generated commuta-
tive semigroup S the following are equivalent:
(1) S is completely separable;
(2) S is strongly subsemigroup separable;
(3) if a, b ∈ S such that a ∈ bnS for all n ∈ N, then there exists m ∈ N
such that a = bma.
We enhance the result of Corollary 4.2 by showing that for a finitely
generated commutative semigroup, weak subsemigroup separability is also
equivalent to complete separability. We also provide a new characterisation
in terms of H-classes. This characterisation removes the need for the param-
eters ks and ms of Theorem 4.1. The proof we provide is independent of the
work of Kublanovski˘ı and Lesohin, although the reader may note parallels
between the methods used.
We now state the main result of this paper.
Theorem 4.3. Let S be a finitely generated commutative semigroup. Then
the following are equivalent:
(1) S is completely separable;
(2) S is strongly subsemigroup separable;
(3) S is weakly subsemigroup separable;
(4) every H-class of S is finite.
In order to prove Theorem 4.3, we first establish some notation and prove
some preliminary results.
For an H-class H of a finitely generated commutative semigroup S define
I(H) =
⋃
{Hs | s ∈ S,Hs  H}.
Note that I(H) is non-empty if and only if H is not the minimal H-class,
in which case I(H) is an ideal. In the proofs of the results of this section,
when dealing with a non-minimal H-class H we shall often pass to the
Rees quotient S/I(H). The following observations are needed to justify this
strategy.
Let H be a non-minimal H-class, and denote I(H) by I. Recall that S/I
consists of a zero element, namely I, and singleton sets {s} where s ∈ S\I.
For an H-class H ′ of S, let H ′I denote the image of H
′ in S/I. The following
statements can easily be verified.
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• For an H-class H ′ of S, the set H ′I = {[h]I | h ∈ H
′} is an H-class of
S/I.
• For an H-class H ′ of S, we have that H ′ ≥ H if and only if H ′I ≥ HI .
• The set HI is the unique minimal non-zero H-class in S/I.
• For x ∈ S, we have that x ∈ Stab(H) if and only [x]I ∈ Stab(HI).
Lemma 4.4. Let S be a finitely generated commutative semigroup and let
H be an H-class. Fix s ∈ S with Hs ≥ H. Then
Stab(H) = {x ∈ S1 | Hsxn ≥ H for all n ∈ N}.
Proof. First we assume that H is the minimal H-class in S. In this case
S1 = Stab(H) and Hsxn ≥ H for all s ∈ S, x ∈ S
1 and n ∈ N. Hence the
result follows.
Now assume that H is a non-minimal H-class. By noticing that I(H) ∩
Stab(H) = ∅ and
I(H) ∩ {x ∈ S1 | Hsxn ≥ H for all n ∈ N} = ∅,
and factoring out be I(H), we may assume that H is the unique minimal
non-zero H-class.
Let x ∈ Stab(H). For a contradiction assume that there exists n ∈ N
such that Hsxn  H. Then, as H is the minimal non-zero H-class, we have
sxn = 0. As Hs ≥ H, there exists t ∈ S
1 such that st ∈ H. Then
0 = sxnt = stxn ∈ Hxn = H,
which is a contradiction.
Now assume that Hsxn ≥ H for all n ∈ N. Fix h ∈ H. Assume for a
contradiction that x /∈ Stab(H). Then hx = 0. As S is finitely generated
and commutative, it is residually finite (see [20, Theorem 3]). Let ∼ be an
arbitrary finite index congruence on S. Then there exist m,n ∈ N, with
m < n, such that sxm ∼ sxn. As Hsxm ≥ H, there exists t ∈ S
1 such that
sxmt = h. Then
h = sxmt ∼ sxnt = sxmtxn−m = hxn−m = 0.
As ∼ is arbitrary, we have shown we cannot separate h and 0 in a finite
quotient. This contradicts S being residually finite. 
Corollary 4.5. Let S be a finitely generated commutative semigroup and
let H be a non-minimal H-class. Let I = I(H). If A is an archimedean
component in S/I not containing the zero element 0, then A ⊆ Stab(HI).
Proof. Let a ∈ A. As A is a subsemigroup we have an ∈ A for all n ∈ N. So
Ha·an ≥ HI for all n ∈ N. Hence a ∈ Stab(HI) by Lemma 4.4. 
Now we are ready to prove Theorem 4.3.
Proof of Theorem 4.3. From Proposition 2.1 we know that (1) implies (2)
and (2) implies (3). We only need to show that (3) implies (4) and that (4)
implies (1).
(3) ⇒ (4). For a contradiction assume that S is weakly subsemigroup
separable but has an infinite H-class H. Then the Schu¨tzenberger group
Γ(H) must also be infinite. As Hxa ≤ Hx for all x, a ∈ S, the complement of
Stab(H) is an ideal of S. Then it follows that Stab(H) is finitely generated.
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Indeed, if S = 〈X〉, then Stab(H) is generated by Stab(H) ∩X. As Γ(H)
is a quotient of a finitely generated commutative monoid, it is a finitely
generated abelian group. As Γ(H) is infinite, it must contain a subgroup
isomorphic to Z. So Γ(H) is not weakly subsemigroup separable by Example
2.6 and Proposition 2.3. However, this contradicts Corollary 3.6, so there
cannot be an infinite H-class.
(4) ⇒ (1). Let h ∈ S. We shall show that there exists a finite index
congruence on S such that the congruence class of h is a singleton. For
s ∈ S, let Hs denote the H-class of s and As the archimedean component
of s. For convenience, we will use H to denote Hh and σ to denote the
Schu¨tzenberger congruence σH . Let I = I(H).
We split into two cases.
Case 1. The first case is that H is not a group. In particular, H is not
the minimal H-class. Factoring out I, we may assume that H is the unique
minimal non-zero H-class in S. As H is not a group, then H2 = {0}. So
Ah = A0 and Ah is a nilpotent semigroup. It follows from Corollary 4.5 that
S1 is the disjoint union of Stab(H) and Ah. Consider any finite generating
set for S, and write it as X ∪ Y , where X ⊆ Stab(H) and Y ⊆ Ah. Then
〈X〉 ⊆ Stab(H) and, as Ah is non-empty, it must be the case that Y is
non-empty. Note that U = 〈Y 〉 is finite as Ah is nilpotent. We may assume
that X is non-empty, for otherwise S = U is a finite semigroup and hence
certainly completely separable.
Let FCX denote the free commutative monoid on X. For w ∈ FCX , let
w be the element of Stab(H) that w represents. For u ∈ U define
Iu = {w ∈ FCX | uw ∈ H}.
If Iu is non-empty, it is an ideal of FCX . Indeed, if w ∈ Iu and z ∈ FCX ,
then since uw ∈ H and z ∈ Stab(H), we have that uwz = (uw)z ∈ H.
The monoid FCX is isomorphic to N
|X|
0 . Ideals of N
|X|
0 are upward closed
sets under the component-wise ordering on tuples. It is well known that this
partially ordered set has no infinite antichains (Dickson’s Lemma). From
this follows the well-known fact that every ideal of FCX is finitely generated
as an ideal.
Let U ′ = {u ∈ U | Iu 6= ∅}. For each u ∈ U
′ let Zu be a finite generating
set for Iu, and let
Z =
⋃
u ∈U ′
Zu.
As U is finite, we have that Z is finite. Now let X = {x1, . . . , xm}. For each
z ∈ Z, we have
z = x
α1(z)
1 x
α2(z)
2 . . . x
αm(z)
m
for some αi(z) ∈ N0. Define
n = max{αi(z) | z ∈ Z, 1 ≤ i ≤ m}.
Let ρ be the congruence on S generated by {(xni , x
n+|H|
i ) | 1 ≤ xi ≤ m}.
First we note that S/ρ is finite. We now show that [h]ρ = {h}.
Let (h, t) ∈ ρ. We need to show that t = h. Clearly it is sufficient to
assume that t is obtained from h by a single application of a pair from the
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generating set of ρ. So, let h = sxpi and t = sx
q
i where 1 ≤ i ≤ m, s ∈ S
and {p, q} = {n, n+ |H|}.
If (p, q) = (n, n + |H|) then t = hx
|H|
i . Since xi ∈ Stab(H), [xi]σ is an
element of the Schu¨tzenberger group Γ(H). As |Γ(H)| = |H|, it follows that
[x
|H|
i ]σ = [xi]
|H|
σ = [1]σ . Hence t = hx
|H|
i = h.
Now we consider the case when (p, q) = (n+ |H|, n). As h /∈ Stab(H), we
have s ∈ Ah\{0}. Any way of decomposing s into generators must contain
at least one element from Y . Therefore, we have that s = us′, where u ∈ U ′
and s′ ∈ Stab(H). Fix some
w = xβ11 x
β2
2 . . . x
βm
m ∈ FCX
such that w = s′. As h = us′x
n+|H|
i ∈ H, we have that
wx
n+|H|
i = x
β1
1 x
β2
2 . . . x
βi+n+|H|
i . . . x
βm
m ∈ Iu.
Then there exist z ∈ Z and w′ = xγ11 . . . x
γm
m ∈ FCX such that
zw′ = wx
n+|H|
i .
For 1 ≤ j ≤ m, we have that
αj(z) + γj =
{
βj if j 6= i,
βi + n+ |H| if j = i.
As αi(z) ≤ n by definition, it must be the case that γi ≥ |H|. Then
wxni = zx
γ1
1 . . . x
δ
i . . . x
γm
m
where δ = γi− |H| ≥ 0. Hence wx
n
i ∈ Iu and so sx
n
i = t ∈ H. As h = tx
|H|
i ,
a similar argument as above proves that h = t, as required.
Case 2. Now we assume that H is a group. By Proposition 2.10, Ah is
either a group or the ideal extension of H by a nilpotent semigroup. Hence
Ah ⊆ Stab(H). If H is the minimal H-class of S, then S
1 = Stab(H). If
H is not minimal, we may assume that it is the unique minimal non-zero
H-class of S (by taking the Rees quotient by I), in which case we have
S1\{0} = Stab(H) by Corollary 4.5 and the fact that Ah ⊆ Stab(H).
In either case, let X be a finite generating set for Stab(H). As in Case 1,
let FCX denote the free commutative monoid on X, and for w ∈ FCX let w
denote the element of Stab(H) that w represents. Define
J = {w ∈ FCX | w ∈ H}.
Then J is an ideal of FCX . Let Z be a finite generating set for J (as an
ideal), and let n be the maximal exponent of a generator appearing in any
word z ∈ Z.
Let ρ be the congruence on S with generating set {(xn, xn+|H|) | x ∈ X}.
First we note that S/ρ is finite. An argument essentially the same as that
of Case 1 shows that [h]ρ = {h}, completing the proof of this direction and
of the theorem. 
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5. Beyond Finitely Generated Commutative Semigroups
Given that for finitely generated commutative semigroups, the three prop-
erties of complete separability, strong subsemigroup separability and weak
subsemigroup separability coincide, the following questions naturally arise.
• For commutative semigroups in general (not necessarily finitely gener-
ated), do the properties of complete separability and strong subsemigroup
separability coincide?
• For commutative semigroups in general, do the properties of strong sub-
semigroup separability and weak subsemigroup separability coincide?
• For finitely generated semigroups in general (not necessarily commuta-
tive), do the properties of complete separability and strong subsemigroup
separability coincide?
• For finitely generated semigroups in general, do the properties of strong
subsemigroup separability and weak subsemigroup separability coincide?
In this section we answer all of these questions in the negative. We will
first deal with the commutative case and then the finitely generated case.
5.1. Non-finitely Generated Commutative Semigroups. We give an
example of a commutative semigroup that is weakly subsemigroup separa-
ble but not strongly subsemigroup separable. In order to do this, we first
establish the following result.
Proposition 5.1. If a residually finite semigroup S has N as a homomor-
phic image then it is weakly subsemigroup separable.
Proof. Let T ≤ S be finitely generated and let x ∈ S \T . By assumption
there exists a homomorphism f : S → N. Let n = f(x). The set I =
{m | m > n} ⊆ N is an ideal of N. Let g : N → N/I be the canonical
homomorphism.
Since T is finitely generated and f(st) > f(s) for any s, t ∈ S, it follows
that the set
Y = {t ∈ T | f(t) = n}
is finite. Since S is residually finite, there exists a finite semigroup P and
homomorphism h : S → P such that h(x) /∈ h(Y ). Then (g ◦ f) × h : S →
N/I × P separates x from T . 
Example 5.2. Consider S = N×Z. Now, S is residually finite since it is the
direct product of two residually finite semigroups. As the projection map
onto the first factor gives a homomorphic image which is N, we conclude
that S is weakly subsemigroup separable by Proposition 5.1.
We now show that S is not strongly subsemigroup separable. Consider
N×N ≤ S and the element (2, 0) /∈ N×N. Let ∼ be a finite index congruence
on S. Then there exist i, j ∈ Z with i < j such that (1, i) ∼ (1, j). Then
(2, 0) = (1, i)(1,−i) ∼ (1, j)(1,−i) = (2, j − i) ∈ N× N.
Hence, S is a commutative semigroup which is weakly subsemigroup sepa-
rable but not strongly subsemigroup separable.
Remark 5.3. The semigroup N × Z is also an example of a weakly sub-
semigroup separable semigroup which is a direct product of two semigroups
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where one of the factors is not weakly subsemigroup separable. This is in
contrast to the situation for residual finiteness: the direct product of two
semigroups is residually finite if and only if both factors are residually finite
[11, Theorem 2].
We are left to find an example of a strongly subsemigroup separable com-
mutative semigroup which is not completely separable. Our example is a
group.
Example 5.4. Let C2 denote the cyclic group of order 2. Let G = C
N
2
be the Cartesian product of countably many copies of C2. By Lemma 2.4,
G is not completely separable. But from Theorem 2.8, an abelian group
is strongly subsemigroup separable if and only if it is torsion and for each
prime p, the primary p-component is bounded in the exponent. As every
non-identity element in G has order 2, G certainly satisfies these conditions.
Hence G is strongly subsemigroup separable.
5.2. Finitely Generated Semigroups. In the previous section we showed
that in the statement of Theorem 4.3, being commutative is not on its own a
sufficient condition. In this section we will show that being finitely generated
is also not on its own a sufficient condition. That is, we provide two exam-
ples of finitely generated semigroups, one of which is weakly subsemigroup
separable but not strongly subsemigroup separable, and the other strongly
subsemigroup separable but not completely separable.
First we give an example of a finitely generated semigroup which is weakly
subsemigroup separable but not strongly subsemigroup separable. We do
this by introducing a construction of semigroups and establishing necessary
and sufficient conditions for this construction to be weakly subsemigroup
separable and finitely generated. For the construction and proof, we will
use the following notation. For a subset Z ⊆ G of an abelian group G, let
XZ = {xz | z ∈ Z} be a set disjoint from G.
Construction 5.5. Let T be a semigroup, and let G be an abelian group
such that there exists a surjective homomorphism φ : T → G. Let N =
XG ∪ {0} be a null semigroup disjoint from T . Let S(T,G, φ) = T ∪ N ,
with multiplication inherited from T and N , and for t ∈ T and xg ∈ XG we
define the following multiplication:
xg · t = xgφ(t),
t · xg = xg(φ(t))−1 ,
t · 0 = 0 · t = 0.
An exhaustive check confirms this multiplication is associative and therefore
S(T,G, φ) is a semigroup.
Remark 5.6. In Construction 5.5, the set XG forms a non-group H-class
and the Schu¨tzenberger group of this H-class is isomorphic to G.
To give necessary and sufficient conditions for S(T,G, φ) to be weakly
subsemigroup separable we use the following lemma.
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Lemma 5.7. Let G be a weakly subgroup separable group. Let H be a finitely
generated subgroup of G, let
U =
n⋃
i=1
Hgi
be a finite union of cosets of H, and let x ∈ G\U . Then x can be separated
from U .
Proof. Let i ∈ {1, . . . , n}. First we will show that x can be separated from
Hgi. As x /∈ Hgi, we have xg
−1
i /∈ H. As G is weakly subgroup separable,
there exists a finite group Ki and homomorphism φi : G → Ki such that
φi(xg
−1
i ) /∈ φi(H). It follows that φi(x) /∈ φi(Hgi). Then
φ1 × φ2 × · · · × φn : G→ K1 ×K2 × · · · ×Kn
is a homomorphism into a finite group that separates x from U . 
Proposition 5.8. Let T be a semigroup, let G be an abelian group such that
there exists a surjective homomorphism φ : T → G, and let S = S(T,G, φ).
Then S is weakly subsemigroup separable if and only if T is weakly subsemi-
group separable and G is weakly subgroup separable.
Proof. (⇒) First assume that S is weakly subsemigroup separable. Since
T is a subsemigroup of S, it must be weakly subsemigroup separable by
Proposition 2.3. Since G is abelian and isomorphic to a Schu¨tzenberger
group of S, it follows from Corollary 3.9 that G is weakly subgroup separable.
(⇐) Now assume that T is weakly subsemigroup separable andG is weakly
subgroup separable. Let Y ⊆ S be a finite set, U = 〈Y 〉 ≤ S and v ∈ S\U .
Let N ⊆ S be as in Construction 5.5. Let Y1 = Y ∩ T and Y2 = Y ∩N . We
split into cases.
Case 1. Assume that v ∈ T . Note that T ∩ U = 〈Y1〉. As T is weakly
subsemigroup separable and v /∈ 〈Y1〉, there exists a finite semigroup P and
homomorphism f : T → P such that f(v) /∈ f(T \〈Y1〉). Define f : S → P
0
by
s 7→
{
f(s) if s ∈ T,
0 otherwise.
Then f is a homomorphism and f(v) /∈ f(U).
Case 2. Now assume that v ∈ N and Y2 = ∅. Then U ⊆ T . Let ρ be the
congruence on S with classes T and N . Then [v]ρ 6= [u]ρ for all u ∈ U .
Case 3. Finally assume that v ∈ N and Y2 6= ∅. Note that 0 ∈ Y
2
2 ⊆ N ,
and hence v 6= 0. Let v = xg and Y2 = {xg1 , . . . , xgn}. Let H ≤ G be the
subgroup generated by the set φ(Y1). Then
U ∩N = XZ ∪ {0},
where Z =
⋃n
i=1Hgi. As v /∈ U , it follows that g /∈
⋃n
i=1Hgi. As G is weakly
subgroup separable there exists a finite group K and homomorphism f :
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G → K such that f(g) /∈
⋃n
i=1Hgi by Lemma 5.7. Let P = S(K,K, id) =
K ∪XK ∪ {0}. Let f : S → P be given by
s 7→


(f ◦ φ)(s) if s ∈ T,
xf(g) if s = xg for some g ∈ G,
0 if s = 0.
Then it is straightforward to check that f is a homomorphism with f(v) /∈
f(U). 
The next lemma provides necessary and sufficient conditions for S(T,G, φ)
to be finitely generated.
Lemma 5.9. Let T be a semigroup, let G be an abelian group such that
there exists a surjective homomorphism φ : T → G, and let S = S(T,G, φ).
Then S is finitely generated if and only if T is finitely generated.
Proof. If S is finitely generated, then as T is the complement of an ideal, it
must also be finitely generated. Conversely, if T is generated by a finite set
Y , then it is easy to see that S is generated by Y ∪ {x1G}. 
We provide an example of a weakly subsemigroup separable semigroup S
that has the following properties:
• S is finitely generated, non-commutative, but not strongly subsemigroup
separable;
• S has a Schu¨tzenberger group which is not weakly subsemigroup separa-
ble.
Example 5.10. Let F2 = {a, b}
+ be the free semigroup on {a, b}. Let
φ : F2 → Z be given by a 7→ 1 and b 7→ −1. As F2 is completely separable [7,
Corollary 1] and Z is weakly subgroup separable, it follows that S(F2,Z, φ) is
weakly subsemigroup separable by Lemma 5.8. Since F2 is finitely generated,
S(F2,Z, φ) is finitely generated by Lemma 5.9. It is clear that S(F2,Z, φ) is
not commutative.
By Remark 5.6 we have that XZ is an infinite non-group H-class. Hence
S(F2,Z, φ) is not strongly subsemigroup separable by Proposition 3.2. Also
the Schu¨tzenberger group of XZ is isomorphic to Z and therefore is not
weakly subsemigroup separable. Notice that, due to the way the right and
left actions of F2 on XZ are defined, the H-class XZ does not satisfy the
condition of Lemma 3.5.
We conclude this section by exhibiting an example of a finitely generated
semigroup which is strongly subsemigroup separable but not completely sep-
arable.
Example 5.11. Let F = F3 = {a, b, c}
+ be the free semigroup on the
set {a, b, c}. Let I ≤ F be the ideal generated by the set {x2 | x ∈ F}.
Let S = F/I be the Rees quotient of F by I. We can view S as the set
of all square-free words over the alphabet {a, b, c} with a zero adjoined.
Multiplication in S is concatenation, unless concatenation creates a word
containing a subword which is a square, in which case the product is zero.
Certainly S is finitely generated by {a, b, c}.
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First we will show that S is not completely separable. It is known that
there exists an infinite square-free sequence w = x1x2x3 . . . over {a, b, c},
see [24, Chapter 2]. Then every finite prefix of w is a non-zero element of S.
Let wi = x1x2 . . . xi ∈ S. For i < j, let vi,j = xi+1xi+2 . . . xj ∈ S. Let ∼ be
a finite index congruence class on S. Then there exist i, j ∈ N, with i < j,
such that wi ∼ wj . Then
wj = wivi,j ∼ wjvi,j = wivi,jvi,j = 0.
So we have shown that it is not possible for 0 to be separated from S\{0}
in a finite quotient. Hence, S is not completely separable.
Now let T ≤ S. Then 0 ∈ T . For x ∈ S\{0} let |x| denote the length of
x in terms of the generators {a, b, c}. Now let v /∈ T where |v| = n. Let
I = {x ∈ S | |x| > n} ∪ {0}.
Then I is an ideal. Clearly the Rees quotient S/I is finite. Furthermore,
[v]I = {v}. Hence, S is strongly subsemigroup separable.
6. Semigroups with finitely many H-classes
In Section 3 we asked which of our separability properties are inherited
by Schu¨tzenberger groups. We showed in Corollaries 3.3 and 3.4 that the
properties of complete separability and strong subsemigroup separability
are inherited by Schu¨tzenberger groups. Although it is not true that every
Schu¨tzenberger group of a weakly subsemigroup separable semigroup is it-
self weakly subsemigroup separable, we showed in Corollary 3.6 that weak
subsemigroup separability is inherited by Schu¨tzenberger groups of commu-
tative semigroups.
One may ask whether the properties are inherited in the opposite direc-
tion, i.e., if every Schu¨tzenberger group of a semigroup S has a separability
property must S itself satisfy the same property? This, however, turns
out not to be true. Let P be any of the properties of complete separability,
strong subsemigroup separability, weak separability or residual finiteness. A
semigroup whose Schu¨tzenberger groups all have property P may not itself
have property P. One example is the bicyclic monoid, given by the monoid
presentation 〈b, c | bc = 1〉. The bicyclic monoid is H-trivial, meaning that
every H-class is a singleton, so every Schu¨tzenberger group is the trivial
group and certainly completely separable. However the bicyclic monoid is
not even residually finite [3, Corollary 1.12]. In fact this direction fails com-
prehensively even for commutative semigroups, as the next example shows.
Example 6.1. Let A = 〈a〉 ∼= N. Let B = {bi | i ∈ N} ∪ {0} be the
countable null semigroup. Let S = A ∪ B with multiplication between A
and B as follows:
aibj = bja
i =
{
bj−i for j > i,
0 otherwise,
ai0 = 0ai = 0.
An exhaustive case analysis shows that this multiplication is associative and
clearly it is commutative. It is also straightforward to check that S is H-
trivial. However, S is not residually finite. Suppose that ∼ is a finite index
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congruence on S. Then there exist i, j ∈ N, with i < j, such that bi ∼ bj.
Then
0 = bia
j−1 ∼ bja
j−1 = b1.
So we cannot separate 0 and b1 in a finite quotient so S is not residually
finite.
Remark 6.2. In the semigroup S of Example 6.1, both the ideal B and
the Rees quotient S/B ∼= N0 are completely separable. However, this is not
enough to guarantee that S is completely separable.
In the remainder of this section we restrict our attention to the class of
semigroups which have only finitely many H-classes, or equivalently semi-
groups which have only finitely many left and right ideals. This is motivated
by the following result.
Theorem 6.3. [12, Theorem 7.2] Let S be a semigroup with finitely many
H-classes. Then S is residually finite if and only if all its Schu¨tzenberger
groups are residually finite.
We shall investigate whether there are analogous results for the prop-
erties of complete separability, strong subsemigroup separability and weak
subsemigroup separability.
For complete separability, the analogous result holds.
Proposition 6.4. Let S be a semigroup with only finitely many H-classes.
Then the following are equivalent:
(1) S is completely separable;
(2) all the Schu¨tzenberger groups of S are completely separable;
(3) S is finite.
Proof. (1)⇒ (2). If S is completely separable, then all of its Schu¨tzenberger
groups are completely separable by Corollary 3.4.
(2) ⇒ (3). If a Schu¨tzenberger group is completely separable it is finite
by Lemma 2.4. As a Schu¨tzenberger group is in bijection with the corre-
sponding H-class, and S has only finitely many H-classes, we conclude that
S is finite.
(3) ⇒ (1). Clear. 
From Corollary 3.3, we know that every Schtzenberger group of a strongly
subsemigroup separable semigroup is itself strongly subsemigroup separa-
ble. However, even when a semigroup has only finitely many H-classes, ev-
ery Schu¨tzenberger group being strongly subsemigroup separable does not
guarantee that the semigroup is strongly subsemigroup separable, as the
following example demonstrates.
Example 6.5. Let G be an infinite strongly subsemigroup separable abelian
group. The existence of such a group is established by Theorem 2.8. Then,
recalling Construction 5.5, S = S(G,G, id) has three H-classes: G, XG
and {0}. The Schu¨tzenberger groups of the H-classes are isomorphic to G,
G and the trivial group respectively. Then certainly every Schu¨tzenberger
group is strongly subsemigroup separable. However, since XG is an infinite
non-group H-class, S is not strongly subsemigroup separable by Proposition
3.2.
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The final property to consider is that of weak subsemigroup separability.
Of all the separability properties considered in this paper, this is the only
one which is not necessarily inherited by Schu¨tzenberger groups, as demon-
strated by Example 5.10. However, when we restrict to a semigroup with
only finitely many H-classes, the following remains an open problem.
Open Problem 6.6. Is it true that a semigroup with only finitely many H-
classes is weakly subsemigroup separable if and only if all its Schu¨tzenberger
groups are weakly subsemigroup separable?
Indeed, we do not even know if either direction of the above statement
holds. In the rest of this section, we restrict our attention to locally finite
semigroups with only finitely many H-classes. By concentrating on this
smaller class of semigroups we will be able to evoke Lemma 2.7, which says
that a semigroup which is both residually finite and locally finite is weakly
subsemigroup separable. This line of investigation allows us to give the
following partial answer to Open Problem 6.6.
Theorem 6.7. Let S be a semigroup with only finitely many H-classes
whose maximal subgroups are all solvable. Then S is weakly subsemigroup
separable if and only if all its Schu¨tzenberger groups are weakly subsemigroup
separable.
In particular we note that a commutative semigroup with finitely manyH-
classes is weakly subsemigroup separable if and only if all its Schu¨tzenberger
groups are weakly subsemigroup separable. To prove Theorem 6.7 we make
use of several lemmas.
A semigroup S is called an epigroup if every element of S has a power
which lies in a subgroup of S.
Lemma 6.8. A semigroup S with finitely many H-classes is an epigroup.
Proof. Let s ∈ S. As S has finitely many H-classes there exist i, j ∈ N with
i < j such that siHsj. Let H be the H-class of si. Then sj−i ∈ Stab(H).
Hence (si)j−i = (sj−i)i ∈ Stab(H), so (si)j−i+1 = si(si)j−i ∈ H. Therefore
Hj−i+1 ∩H 6= ∅, and so H is a group. 
Lemma 6.9. Let S be a semigroup with finitely many H-classes. If every
maximal subgroup of S is torsion then S is periodic.
Proof. By Lemma 6.8, S is an epigroup. Let s ∈ S. Then there is a power
of s in a torsion subgroup of S; in particular, there exists i ∈ N such that
si = e, where e is idempotent. Hence s2i = e2 = e = si and S is periodic. 
Corollary 6.10. Let S be a semigroup with finitely many H-classes. If S
is weakly subsemigroup separable then S is periodic.
Proof. As S is weakly subsemigroup separable, then so are all of its maxi-
mal subgroups by Proposition 2.3. For a group to be weakly subsemigroup
separable it is necessary for it to be torsion. Indeed, if a group is not torsion
it contains a subgroup isomorphic to Z and therefore is not weakly subsemi-
group separable by Proposition 2.3 and Example 2.6. Therefore the result
follows by Lemma 6.9. 
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Corollary 6.11. Let S be a semigroup with finitely many H-classes. If
every Schu¨tzenberger group of S is weakly subsemigroup separable then S is
periodic.
Proof. If every Schu¨tzenberger group is weakly subsemigroup separable,
then every maximal subgroup of S is weakly subsemigroup separable and
hence torsion, so S is periodic by Lemma 6.9. 
At this point on our path to prove Theorem 6.7, we introduce Green’s
relation J on a semigroup S:
J = {(x, y) | S1xS1 = S1yS1}.
This is an equivalence relation and H ⊆ J . It is also true that any ideal is
a union of J -classes. For more on Green’s J relation see [17, Chapter 2].
We show that an epigroup with finitely many J -classes is locally finite
if and only if all its maximal subgroups are locally finite. We first consider
the case when a semigroup with a zero only has two J -classes.
A semigroup S with a zero is called 0-simple if the only ideals of S
are {0} and S. A 0-simple semigroup is called completely 0-simple if it
is both 0-simple and an epigroup. For equivalent definitions of completely
0-simple semigroups see [17, Theorem 3.2.11]. Rees showed that the class
of completely 0-simple semigroups coincides with the class of Rees matrix
semigroups over zero-groups [17, Theorem 3.2.3]. For a group G, let the
zero-group G0 be G with a zero adjoined. Let I,Λ be non empty sets and
P = (pλi) be a Λ × I matrix with entries from G
0 such that no row or
column of P consists entirely of zeros. The Rees matrix semigroup over the
zero-group G0 is S =M0[G; I,Λ;P ] = (I×G×Λ)∪{0} with multiplication
given as follows:
(i, a, λ)(j, b, µ) =
{
(i, apλj , µ) if pλi 6= 0,
0 if pλi = 0,
(i, a, λ)0 = 0(i, a, λ) = 0 · 0 = 0.
In a completely 0-simple semigroup M0[G; I,Λ;P ], the H-class of the
element (i, a, λ) is {i} ×G×{λ}. This is a maximal subgroup if and only if
pλi 6= 0, in which case it is isomorphic to G.
Lemma 6.12. A completely 0-simple semigroup S = M0[G; I,Λ;P ] is lo-
cally finite if and only if G is locally finite.
Proof. Suppose that S is locally finite. As S has a subsemigroup isomorphic
to G, and local finiteness is inherited by subsemigroups, it follows that G is
locally finite.
Now suppose thatG is locally finite. Let T = 〈(i1, g1, λ1) . . . , (in, gn, λn)〉.
We will show that the intersection of T with a non-zero H-class is finite. Let
K be the subgroup of G generated by the set
{gi | 1 ≤ i ≤ n} ∪ {pλkil | pλkil 6= 0, 1 ≤ k, l ≤ n}.
As K is finitely generated, it is finite. Let H = {i} × G × {λ} be a non-
zero H-class. Then H ∩ T ⊆ {i} ×K × {λ} and hence H ∩ T is finite. As
T can only intersect finitely many non-zero H-classes, it follows that T is
finite. 
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Lemma 6.13. Let S be an epigroup with finitely many J -classes. Then S
is locally finite if and only if all its maximal subgroups are locally finite.
Proof. The forward direction follows as subsemigroups inherit local finite-
ness.
Now assume that all the subgroups of S are locally finite. We will proceed
by induction on the number of J -classes.
We may assume that S has a zero. If not then simply adjoin a zero. Let I
be a 0-minimal ideal of S. Then I is completely 0-simple or a null semigroup,
see [14, Proposition 2.4.9]. If it is completely 0-simple, it is locally finite by
Proposition 5.1. It is also clear that any null semigroup is locally finite.
Since the Rees quotient S/I has one fewer J -class than S, it is locally fi-
nite by the inductive hypothesis. Let T be a finitely generated subsemigroup
of S. As S/I is locally finite, it follows that the Rees quotient T/(T ∩I) is fi-
nite. Hence T ∩I is a subsemigroup with finite complement in T . Therefore,
as T is finitely generated, T ∩ I is also finitely generated by [28, Theorem
1.1]. Then T ∩ I is finite as I is locally finite. Then T = (T \I) ∪ (T ∩ I) is
finite and hence S is locally finite. 
Lemmas 6.8 and 6.13 together yield:
Corollary 6.14. Let S be a semigroup with finitely many H-classes. Then
S is locally finite if and only if all its maximal subgroups are locally finite.
We are now in a position to prove Theorem 6.7.
Proof of Theorem 6.7. Let S be a semigroup with finitely many H-classes
whose Schu¨tzenberger groups are all solvable.
Firstly assume that S is weakly subsemigroup separable. Then S is resid-
ually finite and therefore its Schu¨tzenberger groups are residually finite by
Theorem 6.3. As S is weakly subsemigroup separable and only has finitely
many H-classes, S is periodic by Corollary 6.10. Then all its Schtzenberger
groups are torsion. Torsion solvable groups are locally finite, see [26, 5.4.11].
Hence the Schu¨tzenberger groups are both residually finite and locally finite,
so they are weakly subsemigroup separable by Lemma 2.7.
Now assume that all the Schu¨tzenberger groups of S are weakly subsemi-
group separable. Then they are certainly residually finite and it follows that
S is residually finite by Theorem 6.3. Furthermore, as S only has finitely
many H-classes and all its Schu¨tzenberger groups are weakly subsemigroup
separable, S is periodic by Corollary 6.11. Then all its maximal subgroups
are torsion and solvable so it follows that they are locally finite. Hence S
is locally finite by Corollary 6.14 and therefore S is weakly subsemigroup
separable by Lemma 2.7. 
If there is any hope of solving Open Problem 6.6, we must consider cases
where an infinite Schu¨tzenberger group is weakly subsemigroup separable
but not solvable. The authors are aware of only a limited number of such
groups. One such example is the Grigorchuk group, which is a finitely gen-
erated infinite torsion group that is weakly subgroup separable (and hence
weakly subsemigroup separable), see [13]. In particular, the following prob-
lem remains open.
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Open Problem 6.15. Let G be the Grigorchuk group, let I and Λ finite
sets, and let P = (pλi) a Λ×I matrix with entries from G
0 such that no row
or column consists entirely of zeros. Is the semigroup M0[G; I,Λ;P ] weakly
subsemigroup separable?
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